A wave optics numerical analysis of the force and torque on a semicylindrical optical wing is presented. Comparisons with a recently reported ray optics analysis indicate good agreement when the radius is large compared with the wavelength of light, as expected. Surprisingly, we find that the dominant rotationally stable angle of attack at α ≈ −15°is relatively invariant to changes in radius and refractive index. However, the torsional stiffness at the equilibrium point is found to increase, approximately, as the cubic power of the radius. Quasi-resonant internal modes of light produce complex size-dependent variations of the angle and magnitude of the optical lift force.
A body in a uniform flow that experiences a force component perpendicular to the flow direction is said to experience lift. If, in addition to experiencing a lift force, the body also achieves a stable orientation, it is said to be undergoing "stable lift." In a recent article [1] , an optical variant of stable lift was demonstrated for dielectric semicylinders, or lightfoils, exposed to plane wave illumination. Stable optical lift may be useful for propelling microscopic tissues through liquids, or for navigational and attitude control of solar sails in outer space. Here, we investigate the effect with rigorous electromagnetic calculations, ignoring viscous drag and gravity.
We consider, in two dimensions, a uniformly illuminated dielectric semicylinder of radius a and refractive index n with a host material of index n 0 1. We arbitrarily set the wavelength in the host material to λ 800 nm, but note that the results presented are more generally applicable, owing to the scale invariance of Maxwells equations [2] ; for n 0 ≠ 1, the light foil index, n, must be replaced by n ∕n 0 , the quoted radii by a ∕n 0 ; and the forces and torques by n 0 f , n 0 t, respectively [3] .
A schematic showing the axes and angles used is provided in Fig. 1 . The lift force is given by the component f y jf j sin ϕ f , whereas the scattering force may be written f x jf j cos ϕ f , where ϕ f is the lift angle. The orientation of the lightfoil is represented by the angle of attack, α; the origin of coordinates is coincident with the center of mass. The forces and torques quoted are given as ratios of the lightfoil length, L (μm), in the z direction, for an incident wave carrying I 1 mW ∕μm 2 . In these units, a light foil experiencing a force of 1 pN per μm radius, per μm length has an optical force efficiency, Q cf ∕I, of c ∕10 9 ≈ 0.30 or 30% compared with an ideal mirror of efficiency 2 or 200%.
Optical scattering from semicylinders has previously been studied analytically, under restricted conditions [4] . Here, we apply the generalized multipole method [5, 6] with cylindrical vector wave functions [7] . Forces and torques are evaluated by integrating the Maxwell stress tensor over a surface enclosing the lightfoil [3, 8] . Stable orientations (α eqm ) are found by considering the variation of axial torque (t z ) with lightfoil orientation (α), locating the angles at which t z vanishes and confirming that t z is locally restoring. We note that, in general, the stability of a rigid body depends on coupling between translational and rotational motion [9] . However, under plane wave illumination, and in vacuo, translations cannot produce rotations and the condition that the torque is restoring is both necessary and sufficient for stability in two dimensions. Since elongated dielectric objects seek to align themselves with the electric polarization direction [10] , attention is restricted to the transverse electric case, with the electric field polarized in the z direction. Figure 2 shows the ratios f x;y ∕La and t z ∕La 2 as functions of α, for lightfoils with n 1.3, and various radii, a. For scaling purposes, the length of the cylinder is taken to be L 1 μm. Three effects are evident. First, for larger radii, the curves tend to converge, indicating that the forces increase in proportion to La, and the torque increases as La 2 . Second, when the light is incident on the flat surface of the lightfoil (0 < α < 180°), forces and torques become increasingly oscillatory as the radius is increased. Finally, several equilibrium orientations are evident in each case. When α 90°, there is no lift force, owing to symmetry, and what is more, the lightfoil is in an unstable rotational equilibrium state (i.e., dt z ∕dα > 0). In contrast, a strong restoring torque with dt z ∕dα < 0 produces a stable rotational equilibrium at α ≈ −15°. Ray optics calculations [1] are also shown in the figure. In this case, size effects are neglected and the oscillations in the forces and torques that arise due to interference and diffraction do not appear.
In order to quantify these observations, it is necessary to isolate the equilibria of interest and evaluate the excess force in the stable orientation. Results for lightfoils with six different refractive indices, and radii varying in the range from 0.1 to 5 μm are shown in Fig. 3 . For radii less than about one quarter of a wavelength, α eqm changes very rapidly, falling from about 20°to −15°. Thereafter, the behavior is strongly dependent on n. For low indices (corresponding to, say, silica glass in water), α eqm remains fairly steady as a is increased. However, for higher n (e.g., silica in air), α eqm declines with increasing radius until the flat surface of the light foil is almost parallel to the direction of propagation. The lift angle, ϕ f , shows a more pronounced effect [ Fig. 3(b) ]. Once more, the variation is relatively independent of n in the low radius regime and the subsequent changes in angle for low index semicylinders are relatively minor. However, for higher index materials, the lift angle oscillates dramatically. These oscillations occur with two distinct periods and derive from geometric resonances of the structure. The more rapid oscillations correspond to half integer wavelengths across the diameter of the lightfoil; i.e., they resemble the oscillations in the reflectivity of a dielectric lamina with increasing thickness. The slower oscillation is more difficult to understand: it appears to relate to integer numbers of wavelengths over the radius (in that these coarser oscillations have a period of about four times that of the finer ones).
Figure 3(c) shows the modulus of the force acting at mechanical equilibrium as a ratio of the radius a. Apart from the rapid oscillations mentioned above, these curves, once more, approximately converge for larger refractive indices. Finally, Fig. 3(d) shows the torsional stiffness, K r z −dt z ∕dθ z , as a ratio of the cube of the radius. It is more difficult to ascribe an appropriate power law to this quantity. K r z initially increases much faster than a 3 before appearing to flatten out at larger radii. Despite the complex resonant behavior for higher refractive index lightfoils, favorable sets of parameters exist. For example, when the radius is exactly one or two wavelengths in the material, lift angles are high as are the force magnitudes.
In order to provide a clearer understanding of the parameter space, similar equilibrium searches are performed for a range of refractive indices and radii. Figure 4(a) shows the variation in α eqm . As observed above, α eqm varies rapidly for narrow cylinders of all refractive indices. For larger radii, it is relatively steady and, across much of the parameter space, it has a value of α eqm ≈ −15°. The lift angle ϕ f [ Fig. 4(b) ] is more susceptible to size effects. For lower refractive indices, which could correspond, for example, to polystyrene in water, lift angles do not oscillate too wildly with size and ϕ f ≈ 35-40°. For higher refractive indices, ϕ f is more erratic. Although obviously propitious sets of parameters are evident, care must be taken to avoid structures with low or negligible lift. For this reason, design of optimal wavelength-scale lightfoils requires control of dimensions to tolerances of fractions of a wavelength. The modulus of the force at equilibrium is shown in Fig. 4(c) as a ratio to the radius. As with each of the other quantities discussed, it shows oscillatory behavior, associated with geometric resonances, but is otherwise invariant over much of the parameter space. Finally, the scaled torsional stiffness, K r z ∕La 3 , is shown in Fig. 4(d) , confirming the approximate scaling law, K r z ∝ a 3 L; for lightfoils with radii larger than about two wavelengths. The moment of inertia of the lightfoil, about its long axis, increases as a 4 L. Hence, in a vacuum, an angular perturbation from equilibrium will result in oscillations of frequency ∝ 1 ∕ a p . Conversely, in a viscous fluid, the hydrodynamic resistance varies as ∼a 2 L [11], and the lightfoil relaxes back to equilibrium with a time constant that is proportional to a. These remarks are purely qualitative; a more rigorous treatment of the stability and motion of lightfoils will form the basis of a future publication. To illustrate that these structures are indeed capable of flight, we consider two examples. The first is a lightfoil with a radius of 3.75 μm and length 100 μm, made from a material with a refractive index of 1.6 and a density of 1.5 gcm −3 , immersed in water (refractive index 1.333). Its weight in water is then ≈20 pN. The size of the optical lift force that it experiences is that of a 1.33 × 3.75 5.0 μm radius rod of refractive index 1.6 ∕1.333 1.2 in vacuum, multiplied by 1.333; i.e., the lift force is ≈240 pN in a 1 mW ∕μm 2 plane wave. A plane wave with power ≈0.1 mW ∕μm 2 is required to lift this light foil in water. A similar calculation for a silica lightfoil with radius 1 μm in air indicates that in this case about 0.4 mW ∕μm 2 is required. In this Letter, we have shown that dielectric semicylinders exposed to plane wave illumination have a stable equilibrium orientation that is approximately independent of size and refractive index. The stability arises partly because of the lightfoil geometry, and partly because translational motion under plane wave illumination cannot induce a torque. The net lift force arises due to asymmetric deviation of the momentum of the incident light as it passes through the lightfoil. We predict the lift force experienced in the present configuration is great enough to overcome gravity for irradiance values ∼10 kW ∕cm 2 , in agreement with experiments [1] . Finally, the lift force and stable orientation are subject to geometric resonances for larger values of refractive index, which correlate with the incident wavelength. 
